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Abstract. Given a bijection f : V(G) — {1,2,--- ,|V(G)|}, we associate 2 integers
S = f(u)+ f(v) and D = |f(u) — f(v)| with every edge uv in E(G). The labeling
f induces an edge labeling f* : E(G) — {0,1} such that for any edge uv in E(G),
f (uv) = 1if ged(S, D) = 1, and f (uv) = 0 otherwise. Let e (i) be the number
of edges labeled with i € {0,1}. We say f is SD-prime cordial labeling if |e (0) —
ey (1)] < 1. Moreover G is SD-prime cordial if it admits SD-prime cordial labeling.
In this paper, we prove that Ky + mKj, <K {}T)LAK 52,1>, jelly fish graph, petersen
graph, friendship graph if n = 0,1,3 (mod 4) and gear graph are SD-prime cordial
graphs.
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1. INTRODUCTION

Let G = (V(G), E(G)) be a simple, finite and undirected graph of order |V (G)| = p and
size |E(G)| = q. We follow the basic notations and terminology as in [2]. A labeling of a graph
is a map that carries the graph elements to the set of numbers, usually to the set of non-negative
or positive integers. If the domain is the set of vertices the labeling is called vertex labeling. If
the domain is the set of edges, then we called about edge labeling. If the labels are assigned
to both vertices and edges then the labeling is called total labeling. For all detailed survey of
graph labeling we to refer Gallian [1]. In [4, 5], Lau et al. have introduced the concepts SD-
prime labeling. In [3], Lau et al. have introduced SD-prime cordial labeling and they proved

behaviour of several graphs like path, complete bipartite graph, star, double star, wheel, fan,
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double fan and ladder are SD-prime cordial graph. In [7, 8], Lourdusamy et al. proved that the
graphs S’ (K1), Da(K12), S(K1n), DS(K1), S (Bnn)> D2(Bns), DS(Bnn), S(Bnn)s
Ki3* K1y, CHy, Fly, P2, T(P,), T(C,), the graph obtained by duplication of each vertex
of path and cycle by an edge, Q,, A(Ty), T Ly, P, ® K1, C,, ® K7 and J,, admit SD-prime
cordial labeling. In [6], we proved that the union of star and path graph, subdivision of comb
graph, subdivision of ladder graph and the graph obtained by attaching star graph at one end
of the path are SD-prime cordial graphs. We proved that the union of two SD-prime cordial
graphs need not be SD-prime cordial graph. Also, given a positive integer n, there is SD-prime
cordial graph GG with n vertices. In this paper, we prove that Ko + mKj, <K flr)LAK £Qg>, jelly
fish graph, petersen graph, friendship graph if n = 0,1, 3 (mod 4) and gear graph are SD-prime
cordial graphs.

Given a bijection f : V(G) — {1,2,--- ,|V(G)|}, we associate 2 integers S = f(u)+ f(v)
and D = |f(u) — f(v)| with every edge uv in E.

Definition 1.1. [4] A bijection f : V(G) — {1,2,---,|V(G)|} induces an edge labeling
'+ BE(G) — {0,1} such that for any edge wv in G, f (uwv) = 1 if ged(S,D) = 1, and
f/(uv) = 0 otherwise. We say f is SD-prime labeling iff/(uv) = 1 for all wv € E(G).
Moreover, G is SD-prime if it admits SD-prime labeling.

Definition 1.2. [3] A bijection f : V(G) — {1,2,--- ,|V(G)|} induces an edge labeling f -
E(G) — {0,1} such that for any edge wv in G, f (uwv) = 1 if ged(S, D) = 1, and f (uv) = 0
otherwise. The labeling f is called SD-prime cordial labeling if e (0) — e (1)] < 1. We say
that G is SD-prime cordial if it admits SD-prime cordial labeling.

Definition 1.3. The join of two graphs Gy and G is denoted by G| + G2 and whose vertex set
is V(G1+ G2) = V(G1) UV(G2) and edge set is E(G1 + G2) = E(G1) U E(G2) U {uw :
(IS V(Gl),v € V(G2)}

Definition 1.4. Consider two copies of graph G namely G1 and Gs. Then the graph G =
(G1AGy) is the graph obtained by joining the apex vertices of G1 and Gy by an edge as well
as to a new vertex x.

Definition 1.5. The jelly fish graph (JF),, is a graph with vertex set V ((JF),) = {u, v, u;,v; :
1 <i<n,1<j<n-—2}andedgeset E((JF),) = {uu; : 1 <i<n}J{ov;:1 <5<
n — 2} (J{un—1un, vy, vip—1 }.

Definition 1.6. The friendship graph F R, is a one point union of n copies of cycle Cs.

Definition 1.7. The gear graph G,, is obtained from the wheel by subdividing each of its rim
edge.
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2. MAIN RESULTS

In this section, we prove that the SD-prime cordial labeling of joining of certain graph,
<K E}QAK §27)1>, jelly fish graph, petersen graph, friendship graph if n = 0,1,3 (mod 4) and
gear graph.

Theorem 2.1. The graph Ko + m K, admits SD-prime cordial labeling.

Proof. Let G = Ko+mK;. Let V(GQ) = {u, v, wi,ws, -+ ,wy} and E(G) = {uv, uw;, vw; :
1 <i < m}. Then G is of order m + 2 and size 2m + 1. Define f : V(G) — {1,2,--- ,m+2}
as follows:
flu)=1;
flv) =2
flw)=i4+2,1<i<m.
Then, the induced edge labels are

[ uwgi—1) =0, 1 <i < [2];
f/(uwgi) =1,1<:i< L%J :
flowgi—1) =1,1<i< E4E
flowy) =0,1<i< |2
We observe that, e,/ (0) =mand ey (1) =m + 1
Thus, |e(0) — e, (1)] < 1. Hence, K3 + mK; admits SD-prime cordial labeling. O

2)
s

Theorem 2.2. The graph <K {}T)lAK f > admits SD-prime cordial labeling.

(1)
1,n

Let u and v be the apex vertices of K 5172 and K f

and vy, v9, -+ , v, be the pendant
2)
N

Proof. Let ui,us, - ,u, be the pendant vertices of K
(2

1n:

adjacent to a new common vertex . Then, <K flr)LAK (2)> is of order 2n + 3 and size 2n + 3.

vertices of K respectively and u, v are

1n
Define f : V (<K§1,1AK£22>> 5 {1,2,3,--,2n + 3} as follows:
f(x) =3
flu) =1
fv) =2
Fun) (20—1)+4 ifiisoddand1 <i<n
U;) =
2(i—1)+4 ifiisevenand 1 <i < n;
)

2(i—1)+4 ifiisoddand1 <i<mn

flvi) = { . o ‘
(2i —1)+4 ifiisevenand 1 <i <n.
Then, the induced edge labels are
f'(wu) = 0;
() = f(uw) = 1;
F(ww) = £ (o0g) = {0 ifiisoddand1<i<n

1 ifzisevenand1 <7 <n.
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We observe that,

+ 2
ef/(o): {n
n+1
n+1
ef’():
n -+ 2

Thus, |e,/(0) — e, (1)| < 1. Hence, <K§17)LAK§

Example 2.3. A SD-prime cordial labeling of <K fl
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if n is odd
if n 1s even.
if n is odd

if n is even.

2)
,n

> admits SD-prime cordial labeling.

4)AK£22> is shown in Figure 1.

9 10 4 78 11

FIGURE 1

Theorem 2.4. The jelly fish graph (JF),, admits SD-prime cordial labeling.

Proof. Let V((JF),) = {u,v,u

5,001 <i<n1<j<n-—2}and E((JF),) = {uu; :

1 <i<n}U{vv;: 1 <5 <n—-2}U{un—1upn, vuy,, vup—1}. Then (JF), is of order 2n and

size 2n + 1. Define f : V((JF),

flv)=1;

fu) =2

f(un—l = 9;

flun) =4
(2j—1)+4

f(vj) = {2j !
2i+4

flw) = {(2@ —1)+4

Then, the induced edge labels are

f (vup—1) = 0;

f (vuy) = 1;

f/(un—lun) = 1

f/(uun_l) =1

f, (uuy,) = 0;

) — {1,2,---,2n} as follows:

ifjisoddand1 < j<n—2
ifjisevenand 1 < j <n —2;
ifzisoddand1 <:<n—2

ifzisevenand 1 < i <n — 2.
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0 ifjisoddand1 <j<n—2
1 ifjisevenand1 < j<n —2;

f (o) = {

/ 0 ifiisoddandl1 <i<n-—2
[ (uw;) = o .
1 ifzisevenand 1 <7 <n—2.
We observe that,
1 ifnisodd
. /(O) _ {n + tni
f e
n if n is even.
n if n is odd
ef’(l) = e
n+1 ifniseven.
Thus, |e(0) — e, (1)] < 1. Hence, (JF'), admits SD-prime cordial labeling. O

Example 2.5. A SD-prime cordial labeling of (JF')g is shown in Figure 2.

3
6 5
7 8

10 2 1 9

1 12

4
FIGURE 2

Theorem 2.6. The petersen graph admits SD-prime cordial labeling.

Proof. Let uy,us,us,uq, us be the internal vertices and let vy, vo, v3, vyq, v5 be the external
vertices of Petersen graph such that each u; is adjacent to v; for 1 < ¢ < 5. We define a vertex
labeling f such that f(u;) =iforl <i <5, f(v;) =i+ 4for2 <i<5and f(v1) = 10.
Then, the induced edge labels are

[ (uiv) =1,

[ (uaug) = 0;

f/(uiqu) = 1, 2 S 7 S 4,

J (vrvs) = [ (vava) = [ (v305) = 0;

f (1)11)4) = f (1}27)5) = 1.
We observe that, e/ (0) = 8 and e/ (1) = 7. Thus, [e;(0) — e, (1)] < 1. Hence, petersen
graph admits SD-prime cordial labeling. O

Example 2.7. A SD-prime cordial labeling of petersen graph is shown in Figure 3.

Theorem 2.8. The friendship graph F' R,, admits SD-prime cordial labeling ifn = 0,1, 3 (mod 4).
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10
1
9 6
5 2
4 3
8 7
FIGURE 3
Proof. Letv,vy,va,--- , v2, be the vertices of F'R,,. Then F'R,, is of order 2n + 1 and size 3n.

Define f : V(FR,) — {1,2,---,2n + 1} as follows:
Cases 1. n =1 (mod 4).

For first ’%1 copies of C'3, we assign the labels 1,2, 3,4, - - - , n+2 to the vertices v, v1, v, « -+ , Up11.

For next ”T_l copies of C'3, we assign the labels n+3, n+5, - - - , 2n to the vertices vy +2, Up+3, - Usng1.
Remaining "T_l copies of (s, we assign the labels n 4+ 4,n + 6,--- ,2n + 1 to the vertices

Usntl s Vsndd g0t V2pe We observe that, e, (0) = 311 and ep(l) = sntl Thus,

e (0) —e(1)] <1.Hence, f admits SD-prime cordial labeling.
f f
Cases 2. n = 3 (mod 4).

For first %‘1 copies of C'3, we assign the labels 1,2, 3,4, - - - , n to the vertices v, v1, v, * ++ , Up_1.
For next ”TH copies of '3, we assign the labels n+1,n+3, - - - , 2n to the vertices vy, Up11, - , Vsn—1.
2
Remaining ! copies of Cs, we assign the labels n + 2,7 + 4,--- ,2n + 1 to the vertices
g 7 p g
Usno1 gy, Usnot g, o V2n. W observe that, e, (0) = 3t and ep(l) = -1 Thus,

le;(0) — ey (1)] < 1. Hence, f admits SD-prime cordial labeling.
Cases 3. n = 0 (mod 4).

For first & copies of C'3, we assign the labels 1, 2, 3,4, - - - , n+1 to the vertices v, v1, v2, - -+ , Up.
For next ’; copies of C3, we assign the labels n+2,n+4, - - - , 2n to the vertices vy 1, Uny2,- - , Usn.
Remaining % copies of C3, we assign the labels n + 3,n + 5,---,2n + 1 to the vertices
Usn 15 Usn gy, V2ne W observe that, e, (0) = 3 and ep(l) = 30 Thus, e, (0) —
e (1)] < 1. Hence, f admits SD-prime cordial labeling.

O
Theorem 2.9. The gear graph G,, admits SD-prime cordial labeling.
Proof. Let W, be the wheel with apex vertex v and rim vertices vy, vo, - - - , vy,. To obtain the
gear graph GG, subdivide each rim edge of wheel by the vertices w1, uo, - - - , u,. Where each u;
is added between v; and v; 41 fori =1,2,--- ;n — 1 and u,, is added between v; and v,,. Then

G, is of order 2n + 1 and size 3n. Define f : V(G,,) — {1,2,3,---,2n + 1} as follows:
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Case 1. n is odd.

flv)=2;
Fwi) i ifi=1(mod2)and1 <i<n
v;) =
' i+1 ifi=0(mod?2)and1<i<mn;
i+1 ifi=1(mod2)and1<i<n
flug) =9 e
1+2 ifi=0

(

(mod2)and 1 <i <n.
In view of the above labeling, e/ (0) = [37"] and e, (1) = L%"J
Case 2. n is even.
Assign the labels to the vertices v, v; for 1 < ¢ < n, u; for1 < ¢ < n —1asin Case 1 and
f(un) = 2n + 1. In view of the above labeling, e/ (0) = 32 and ep(l) = 3,
Thus in the above two case, |e s (0) — e (1)] < 1. Hence, f admits SD-prime cordial labeling.

g

3. CONCLUSION

1n 1n

graph, friendship graph if n = 0, 1,3 (mod 4) and gear graph are SD-prime cordial graphs.

We have proved that the joining of certain graph, <K WA 2 >, jelly fish graph, petersen

REFERENCES

[1] J. A. Gallian, A Dyamic Survey of Graph Labeling, The Electronic J. Combin., 19, (2016) # DS6.

[2] F. Harary, Graph Theory, Addison-wesley, Reading, Mass (1972).

[3] G.C. Lau, H.H. Chu, N. Suhadak, F.Y. Foo and H.K. Ng, On SD-Prime Cordial Graphs, International Journal
of Pure and Applied Mathematics, 106(4), (2016), 1017-1028.

[4] G.C. Lau and W.C. Shiu, On SD-Prime Labeling of Graphs, Utilitas Math., accepted.

[5] G.C. Lau, W.C. Shiu, H.K. Ng, C.D. Ng and P. Jeyanthi, Further Results on SD-Prime Labeling, JCMCC, 98,
(2016), 151-170.

[6] A.Lourdusamy, S. Jenifer Wency and F. Patrick, On SD-Prime Cordial Labeling, International Journal of Pure
and Applied Mathematics, 117(11), (2017), 221-228.

[7]1 A. Lourdusamy and F. Patrick, Some Results on SD-Prime Cordial Labeling, Proyecciones Journal of Mathe-
matics, 36(4), (2017), 601-614.

[8] A. Lourdusamy and F. Patrick, New Construction on SD-Prime Cordial Labeling, In: S. Arumugam, J. Bagga,
L. Beineke, B. Panda (eds), Theoretical Computer Science and Discrete Mathematics, ICTCSDM 2016, Lecture
Notes in Computer Science, 10398, (2017), 134-143.



